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Abstract 

Duration is widely used in the financial services industry to measure and 

manage interest rate risk. Both the development and the empirical testing of 

duration occurred in an environment with positive interest rates. This raises the 

question of how well standard duration analysis performs in a negative yielding 

world. We examine the mathematical properties of duration and convexity in a 

negatively yielding world. In particular, we identify the properties that are 

unique to a negative-yield environment and properties that are the same 

regardless of the sign of the yield. For the most part, if a bond has a positive or 

zero coupon rate, the mathematical properties of duration and convexity are the 

same. Because of the convexity property, the dollar sensitivity of the bond price 

is much higher at negative yields. If a bond has a negative coupon rate, the 

properties of duration and convexity are quite different.  
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1 – Introduction 

 

 
Currently, many countries are experimenting with negative interest 

rates. The value of negative-yielding bonds increased to $13.4 trillion in 

August 2016 (Wigglesworth, 2016). The volume of negative-yielding bonds 

could increase as the European Central Bank and the Bank of Japan plan 

additional bond purchases to revive their economies. Further, if the world 

economy is entering into an age of secular stagnation (Summers, 2015 and 

2016), low and negative interest rates would be a long-term phenomenon that 

investors need to get a handle on. 

Duration is widely used in the financial services industry to measure 

and manage interest rate risk. Both the development of duration
3
 and the 

empirical testing of duration occurred in an environment with positive interest 

rates. This raises the question of how well standard duration analysis performs 

in a negative yielding world. We examine the mathematical properties of 

duration and convexity in a negatively yielding world. 

The next section defines the terms and notation used in this paper. 

Section 3 describes the comparative static properties of the bond price function 

with respect to time changes and yield changes for bonds with positive or zero 

coupon rates. Section 4 expands this analysis by examining the accuracy of the 

commonly used Taylor Series approximation of bond price sensitivity based on 

duration and convexity. Section 5 examines duration and convexity for bonds 

with negative coupon rates. Section 6 concludes the paper. 

 

 

2 - Notation and definitions 

 

 

For simplicity, we assume that the cash flows are paid annually. This 

assumption is not required to obtain the results in this paper.  

1. The continuously compounded yield to maturity is denoted by y. 

2. The yield compounded once per year is determined by: 

       

                                                 
3 See, Bierwag, Kaufman,Toevs (1983); Bierwag and Khang (1979); Bierwag (1977) Fisher 

and Weil (1971); Macaulay (1938); Redington (1952). 
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3. The price of a fixed income security is related to the yield as 

follows:  

                                  
    

                         (1) 

where C1, C2, …, CT are the cash flows promised in years 1, 2, ... , T. 

4. If R is the annual coupon rate for a bond with a par value of $1 and 

time to maturity T, then based on equation (1) the closed-form 

expression for the price is: 

          
 

 
              (2) 

5. The duration
4
 is defined as 

    
 

 

  

  
 (3) 

evaluated at the currently observed yield to maturity. 

6. The convexity is defined as  

   
 

 

   

   
 (4) 

evaluated at the currently observed yield to maturity.  

 

 

3 - Positive or zero coupon rate bonds with negative yields 

 

 

This section extends the study of interest rate risk to negative yielding 

bonds with positive or zero coupon rates. In particular, we identify the 

properties that are unique to a negative-yield environment and properties that 

are the same regardless of the sign of the yield. 

Complete analysis of bond risks includes the passage of time as well as 

the effect of changes in bond yield.
5
 Indeed, the comparative static analysis 

used in duration analysis breaks the price change into a component due to the 

                                                 
4 Under continuous compounding the standard or Macaulay (1938) duration, Fisher-Weil 

(1971) duration, and modified duration (Fabozzi, 2007, 2008) are all the same. 
5 See Poitras, 2007; Barber and Copper (1997); Christensen and Sorensen, 1994; Reitano 

(1992); Chance, D. and J. Jordan (1996). 
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passage of time and a component due to changing interest rates. In particular, 

the total differential of the bond price can be expressed as: 

   
  

  
   

  

  
   

The first term measures the effect of the change in time assuming the yield does 

not change and the second term measures the effect of a change in the yield 

assuming time does not change. 

 

    Property 1. Bonds with positive or zero coupon rates sell at a premium 

at negative yields. 

 

In a negative yield environment, only bonds with negative coupon rates 

sell at a discount or par. All other bonds, including zero coupon bonds sell at a 

premium. 

 

    Property 2. The price path of premium bonds is a convex function of 

time to maturity at negative yields. 

 

The effect of the passage of time is different for negative yielding 

bonds. For positive yields, it is well known that the price of a premium bond is 

a concave function of time to maturity. Figure 1 shows the price path 

(amortization pattern) of a 5%, 30 year coupon bond at constant yield of 2%.  
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Figure 1: Price Path for a 5%, 30-Year Bond at a Constant Yield of 2% 

per year  

 

 
 

However, at negative yields the price is a convex function of the time to 

maturity. Figure 2 shows the price path for the same bond at a yield of −5%.  
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Figure 2: Price Path for a 5%, 30-Year Bond at a Constant Yield 

of -5%  

 

We can easily prove this result. Based on equation (2), if the yield y is constant, 

the price of the bond a time t is given by:  

       
 

 
                      

Taking the partial derivative of P with respect to t, results in:  

  

  
  

 

 
                

The inequality holds because the bond is selling at a premium (c ≥ 0 > y) and 

the sign of y/Y is positive, as both the sign of the numerator and denominator 

are negative. The second derivative is given by:  

   

   
    

 

 
               

If a bond is selling at a premium, then the sign of the second derivative depends 

on the sign of the yield. For positive interest rates the sign is negative, implying 

that the function is concave. However, for negative rates the sign is positive, 

implying that the function is a convex function of time. 
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Given that the bond price, duration, and convexity are linear in terms of 

the vector of cash flows, it is reasonable to first analyze zero coupon bonds, and 

then treat coupon bonds as portfolios (or linear combinations) of zero-coupon 

bonds. 

 

Property 3. Duration and convexity of zero coupon bonds are positive 

and equal to the time to maturity and time to maturity squared regardless of the 

sign of the yield. 

 

Based on equations (3) and (4), it is easy to show that the duration of a 

zero coupon bond equals to the time to maturity and the convexity equals time 

to maturity squared for both positive and negative yields. 

Property 3 means that the duration of a zero-coupon bond is a linear 

function of the time to maturity. Figure 3 shows the price-yield curve of a zero 

coupon bond with a maturity of 30 years. Clearly, the bond sells for par at a 

yield of 0%. Obviously, the curve is a decreasing and convex function of yield, 

because the zero coupon bond price is an exponential function of the yield. 

Because of this convexity, the dollar sensitivity (dollar duration) is greater at 

low interest rates. This is especially true for negative rates. Nevertheless, the 

relative (percentage) sensitivity is the same for all yields, because the duration 

is constant for zero coupon bonds.  
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Figure 3: Price-Yield Curve of a Zero Coupon bond with maturity of 30 

Years.   

 
 

Property 4. For coupon bonds both the relative and absolute sensitivity of 

the bond price is higher at negative yields. 

 

Since the coupon rate is positive, even though the yield is negative, the 

price of the bond is the sum of positive convex functions, and therefore the 

price is a convex function of the yield. Figure 4 shows the price-yield curve for 

a 30-year, 4% coupon bond. Again, the dollar sensitivity is much higher at 

negative rates. 
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Figure 4: Price-Yield Curve for a 30-year, 4% Coupon Bond 

 

 
However, since the duration is also a function of the yield, the relative 

sensitivity of the coupon bond also changes with the yield. Both the absolute 

and relative sensitivity of the coupon bond is higher at a negative yield. For a 

coupon bond, we can show that  

  

  
   

Equation (1) states: 

         
   

 

   

 

Then 

  

 
   

   
   

 

 

   

      

 

   

       

and 

   

 
  

   
   

 

 

   

      

 

   

         

where the weights wj ≥ 0 (given the coupon rate is not negative) and sum to one. 

The expression E[ ] is the expectation treating the weights as probabilities. 

From the chain rule, we know 
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or 
 

                    
 

The inequality, based on a well-known property of expecation, holds because 

the weights are non-negative and sum to one. For coupon bonds the inequality 

is strict. For zero coupon bonds the result is an equality because the only weight 

is equal to one. If the coupon rate is negative, the result does not hold. 

 
To illustrate this, we plot the duration of a 4%, 30-year coupon bond 

versus the yield to maturity in Figure 5. 

 

 

Figure 5: Duration of a 4%, 30-year Coupon Bond vs the Yield to 

Maturity  
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4 - Taylor series approximation to the price-yield curve 

 

 
The sensitivity of a bond price to a change in yield is commonly 

approximated with a Taylor Series of the price as a function of the yield.
6
 

Suppose the yield changes from the currently observed value of y0 to a future 

unknown value y. A first-order Taylor polynomial of the price P expanded 

about current yield to maturity relates the bond price in response to a change in 

yield as follows:  

                          )                       (5)        

  
For small yield changes, the duration D can be thought of as a measure of 

interest rate risk. A second-order Taylor polynomial approximation takes into 

account both the duration and the convexity X: 

                         
 

 
            

  

The accuracy of the approximation depends on the size of the yield 

change. This is especially a concern for the duration approximation (5) because 

the convexity is much higher at negative yields. Figure 6 shows the first- and 

second-order Taylor series polynomial approximation of the price-yield curve 

for 30-year zero coupon bond expanded about a yield of -2% in Panel A, a yield 

of 0% in Panel B, and a yield of 2% in Panel C. The top curve on the left side 

is the true price-yield curve. We can see that both approximations are 

closer to the true value at a positive yield of 2%. 
 

  

                                                 
6 See Bierwag, Kaufman, and Latta (1988); Winkelmann (1989); Barber (1995); Livingston 

and Zhou (2005); Fabozzi (2008). 
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Figure 6: First and Second-order Taylor Series Polynomial 

Approximation and True Price-Yield Curve 

 

Panel A: Expansion about yield of -2.0% 

 

Panel B: Expansion about yield of 0% 
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Panel C: Expansion about yield of 2.0% 

 

Table 1 computes the root-mean approximation square error
7
 (RMSE) 

over a range of yield changes for 1st-order and 2nd-order Taylor polynomial 

approximations of zero-coupon bond price changes. The results are presented 

for maturities of 5, 10, 15, and 30 years. As expected, the RMSE of the 

approximation centered at a negative yield is greater. This is especially true for 

bonds with long maturities and large yield ranges. For example, for a yield 

range of ±100 basis points the difference between the 1st-order RMSE centered 

at a yield of −2.0% versus 2.0% is $1.12 (per $10,000 par) for a maturity of five 

years. For a 10-year maturity this difference in RMSE increases to $8.92, and 

for maturities of 15 and 30 years the differences are $30.70 and $258.54, 

respectively. 

  

                                                 
7
 The root-mean square error centered about yield y0 for a range of changes ±Δ is determined 

by: 

 
 

 Δ
             

   
    

    

 

where P0 is the Taylor series approximation centered about y0. 
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Table 1: Root-Mean Square Approximation Error (in $s) over a Range of 

Yields for 1st-order and 2nd-order Taylor Polynomial of Zero-Coupon 

Bond Price 
Change is centered about −2.0%, 0.0%, and +2.0%. The bond has a par value of 

$10,000.  

 

Panel A: Maturity of 5 years 

 Centered 

at −2.0% 
 Centered  

at 0.0% 
 Centered  

at +2.0% 

Range (bps) 1st- 

order 

2nd- 

order 

 1st- 

order 

2nd- 

order 

 1st- 

order 

2nd- 

order 

 ±25 0.39 0.00  0.35 0.00  0.32 0.00 

±50 1. 54 0.01  1.40 0.00  1.26 0.01 

±100 6.18 0.08  5.59 0.08  5.06 0.07 

±200 24.74 0.70  22.38 0.63  20.25 0.57 

Panel B: Maturity of 10 years 

 Centered      

at −2.0% 
 Centered   

at 0.0% 
 Centered   

at +2.0% 

Range (bps) 1st- 

order 

2nd- 

order 

 1st- 

order 

2nd- 

order 

 1st- 

order 

2nd- 

order 

 ±25 1.71 0.01  1.40 0.01  1.14 0.01 

±50 6.83 0.10  5.59 0.09  4.58 0.06 

±100 27.24 0.77  22.38 0.63  18.33 0.52 

±200 109.68 6.17  89.80 5.05  73.52 4.14 

Panel C: Maturity of 15 years 

  Centered  

at −2.0% 
 Centered  

at 0.0% 
 Centered 

at +2.0% 

Range (bps) 1st- 

order 

2nd- 

order 
 1st- 

order 

2nd- 

order 
 1st- 

order 

2nd- 

order 

 ±25 4.25 0.04  3.14 0.03  2.33 0.02 

±50 17.00 0.36  12.59 0.27  9.32 0.20 

±100 68.06 2.87  50.42 2.13  37.36 1.58 

±200 274.08 23.09  203.05 17.10  150.42 12.67 
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Panel D: Maturity of 30 years 

 Centered 

at −2.0% 
 Centered  

at 0.0% 
 Centered  

at +2.0% 

Range (bps) 1st- 

order 

2nd- 

order 
 1st- 

order 

2nd- 

order 
 1st- 

order 

2nd- 

order 

±25 22.93 0.48  12.58 0.27  6.91 0.15 

±50 91.88 3.88  50.42 2. 13  27.67 1.17 

±100 369.97 31.17  203.05 17. 10  111. 43 9.39 

±200 1519.5 253.60  833.91 139.18  457.66 76.38 

 

 

5 - Negative coupon rates 

 

 
As far as we know, negative-coupon rate bonds have never been 

issued. Given that not too long ago, the same thing also could have been said 

about negative yielding bonds, it might be worthwhile to briefly consider bonds 

with negative coupon rates. 

A negative coupon rate may be unrealistic because the holder of the bond 

would have to pay the issuer for the privilege of owning the bond. However, 

given that some floating rate loans currently require the lender to pay the 

borrower, we should not dismiss negative coupon rate bonds out of hand. 

Recently, banks in Denmark have been paying interest on adjustable-rate 

mortgages by deducting the amount of interest from the principal the customer 

owes. (Duxbury, 2016). While not widespread, this practice is also occurring in 

Sweden, Portugal and Spain. 

Another, more serious objection can be made to a negative coupon rate 

bond. In particular, it is possible that if yields increase the bond could sell for a 

negative price. This means in the secondary market, the seller of a bond would 

have to pay the buyer. In other words, a negative coupon rate bond is not a 

limited liability asset.
8
 This reason alone is perhaps sufficient to argue that 

negative rate bonds will never be issued. 

A bond with a negative coupon rate could sell for par value (or even a 

discounted value) at a negative yield, whereas a non-negative coupon rate bond 

always sells at a premium. It turns out, that negative coupon rate bonds have 

                                                 
8 This is not true of floating rate (adjustable rate) bonds and mortgages. 



Interest Rate Risk in a Negative Yielding World  

Joel R. Barber, Krishnan Dandapani –  

Frontiers in Finance and Economics – Vol 14 N°2, 1-19 

16 

mathematical properties that are quite different than positive or zero coupon 

bonds at both positive and negative yields. If all the cash flows are all positive, 

the bond price is a convex function of the yield, because the sum of positive 

convex functions is convex. However, if some of the cash flows are negative, 

this is no longer true. Given that most of the cash flow comes from the 

redemption of the par value at maturity, under reasonable conditions the 

price-yield curve would be convex over a wide range of yields. 

Figure 7 shows the price-yield curve for −4% coupon bond with a 

30-year (lower curve) and 10-year (upper curve) maturity. The negative

convexity is more likely to show up for long maturity bonds with large

magnitude negative coupon rates, and when interest rates are high. Figure 7

demonstrates that the price of a bond with a negative coupon rate could become

negative if yields rise after the bond is issued. This figure also demonstrates the

possibility of negative duration for a long-maturity bond with a negative

coupon rate.

Figure 7: Price-Yield Curve for −4% Coupon Bond with a 30-Year 

(lower curve) and 10-Year (upper curve) Maturity  

We can safely conclude that the negative duration and convexity of negative 

coupon rate bonds is more of a curiosity than a phenomenon that would be 

actually encountered. 
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6 – Conclusion 

At negative yields, bonds with positive or zero coupon rates 

necessarily sell for a premium. Unlike bonds priced at positive yields, the price 

path of a premium bond is a convex function of time. The mathematical 

properties of duration and convexity are the same at negative yields for bonds 

with positive or zero coupon rates, but not the same for bonds with negative 

coupon rates, where both the duration and convexity could be negative. 

Because of the convexity property of bonds with positive or zero coupon rates, 

the dollar sensitivity of the bond price is much higher at negative yields. 

However, for zero coupon bonds the relative sensitivity (measured) by the 

duration is the same. For coupon bonds, the relative sensitivity is higher at 

negative rates. The reason for this is the duration of a coupon bond is a 

decreasing function of the yield. These results suggest that immunization 

strategies involving negative-yielding bonds would have to be rebalanced more 

frequently. The accuracy of the Taylor series approximation of the price-yield 

curve, based on duration alone or both duration and convexity, is some what 

lower at negative rates. In other words, the duration is a less accurate measure 

of interest rate risk at negative yields.
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